Abstract. Let G be a split semisimple linear algebraic group over a field and let X be a generic twisted flag variety of G. Extending the Hilbert basis techniques to Laurent polynomials over integers we give an explicit presentation of the Grothendieck ring K 0 (X) in terms of generators and relations in the case G = G sc /µ 2 is of Dynkin type A or C (here G sc is the simply-connected cover of G); we compute various groups of (indecomposable, semi-decomposable) cohomological invariants of degree 3, hence, generalizing and extending previous results in this direction.
Introduction
Let G be a split semisimple linear algebraic group over a field F . Let U/G be a classifying space of G in the sense of Totaro [18, Rem.1.4], i.e. U is an open G-invariant subset in some representation of G with U (F ) = ∅ and U → U/G is a G-torsor. Consider the generic fiber U ′ of U over U/G. It is a G-torsor over the quotient field F ′ of U/G called the versal G-torsor [4, Ch.I, §5]. We denote by X the respective flag variety U ′ /B over F ′ , where B is a Borel subgroup of G, and call it the versal flag. The variety X appears in many different contexts, e.g. related to cohomology of homogeneous G-varieties (see [6] for an arbitrary oriented theory; Karpenko [7] , [8] , [9] for Chow groups; Panin [17] for K-theory) and cohomological invariants of G (see Merkurjev [14] and [5] , [15] ). It can be viewed as a generic example of the so called twisted flag variety.
In the first part of the paper (Sections 2-4) we give an explicit presentation of the ring K 0 (X) in terms of generators modulo a finite number of relations in cases when G = G sc /µ 2 , where G sc is the product of simply-connected simple groups of Dynkin types A or C and µ 2 is a central subgroup of order 2.
Observe that for simply-connected G the ring K 0 (X) can be identified with K 0 (G/B) (e.g., see Panin [17] ), and by Chevalley theorem there is a surjective characteristic map c : R(T sc ) → K 0 (G/B) from the representation ring of the split maximal torus T sc such that the kernel ker(c) = I W sc is generated by augmented classes of fundamental representations. So, all relations in K 0 (X) correspond to W -orbits of fundamental weights.
If G is not simply-connected (as in the G sc /µ 2 -case), then the situation changes dramatically as by [6, Ex.5 .4] we have K 0 (X) ≃ R(T )/I To prove this result we assume that the root system of G sc satisfies the generalized flatness condition (see Definition 2.9) . In Section 4 we show that this condition holds for types A and C.
In the second part of the paper we study cohomological invariants of degree 3 of G. According to p.106 ], a degree d cohomological invariant is a natural transformation of functors a :
) on the category of field extensions over F , where the functor
) is the Galois cohomology. Following Merkurjev [14] , an invariant is called decomposable if it is given by a cup-product of invariants of smaller degrees; the factor group of (normalized) invariants modulo decomposable is called the group of indecomposable invariants. For d = 3 the latter has been computed for all simple split groups in [14] and [2] ; for some semi-simple groups of type A in [13] and [1] ; for adjoint semisimple groups in [12] .
Another key subgroup of semi-decomposable invariants introduced in [15] consists of invariants given by a cup-product of invariants up to some field extensions. For d = 3 it coincides with the group of decomposable invariants for all simple groups [15] . It was also shown that these groups are different for G = SO 4 [15, Ex.3.1] and for some semisimple groups of type A (see [1] ).
In Sections 6-11 we compute the groups of decomposable, indecomposable and semi-decomposable invariants of degree 3 for new examples of semisimple groups (e.g. G sc /µ 2 , products of adjoint groups), hence, extending the results of [14] , [2] , [1] , [15] , [13] . In particular, we essentially extend the examples [15, Ex.3 .1] and [1] ; we show that
• The factor group of semi-decomposable invariants of G modulo decomposable is nontrivial if and only if G is of classical type A, B, C, D. Moreover, we determine all the factor groups (and indecomposable groups) for an arbitrary product of simplyconnected simple groups of the same Dynkin type modulo the central subgroups µ 2 (see Corollaries 6.5, 7.2, 8.2, 9.2, and Proposition 11.2).
• If G is of type A, then the factor group of semi-decomposable invariants modulo decomposable (and the group of indecomposable invariants) can have an arbitrary order and contains any homocyclic p-group (see Corollary 6.6).
• If G is of type B or C, then it is always a product of cyclic groups of order 2 (see Corollaries 7.2, 8.2).
We also provide a direct proof of the fact that for the simple group G = PGO 8 any semi-decomposable invariant is decomposable (Corollary 10.4).
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Syzygies and divisibility for Laurent polynomials
Let Λ be a free abelian group of rank n with a fixed basis {x 1 , . . . , x n }. Let R be one of the rings Z or Z/mZ, m ≥ 2. Consider the group ring R[Λ]. It consists of finite linear combinations j a j e λj , a j ∈ R, λ j ∈ Λ. We identify R i . By a polynomial we mean always a Laurent polynomial, i.e., an element of R[Λ]. We denote by Λ i a free subgroup with the basis {x 1 , . . . ,
, we can express it uniquely as
The integer k is called the highest degree of f with respect to x n and denoted hdeg n (f ). The integer m is called the lowest degree of f with respect to x n and denoted ldeg n (f ). The difference k − m is called the degree of f with respect to x n and denoted wdeg n (f ).
By definition, if wdeg n (f ) = 0, then f is a product of x k n and a polynomial in x 1 , . . . , x n−1 .
and let ldeg n (f ) ≥ d for some d ∈ Z. We say that it is possible to perform a divison of f by p bounded by d if there exist monomials q, r ∈ R[Λ] such that
(2) Either r = 0 or (ldeg n (r) ≥ d and hdeg n (r) < d + wdeg n (p)).
In this case q is called the quotient, and r is called the remainder.
Definition 2.3. We call p ∈ R[Λ] a divisor with respect to x n if it satisfies the following condition:
In the presentation of Definition 2.1
If p is a divisor with respect to x n , then it is possible to perform a division of f by p bounded by d.
Proof.
We proceed by induction on hdeg n (f ). If hdeg n (f ) < d + wdeg n (p), then we set q = 0 and r = f .
Suppose that hdeg n (f ) ≥ d + wdeg n (p). Since p is a divisor, we can write it as
] is a monic monomial and p ′ is either 0 or a polynomial with hdeg n (p ′ ) < hdeg n (p) = k and ldeg n (p
We write f as f = gx m n + f ′ , where m = hdeg n (f ), g ∈ R[Λ n−1 ], and f ′ is either 0, or a polynomial with hdeg n (f ′ ) < m and ldeg n (f ′ ) = ldeg n (f ). 
Consider the polynomial
Recall also that either f ′ = 0, or (hdeg n (f ′ ) < m and ldeg n (f ′ ) = ldeg n (f )). So, if p ′ and f ′ are not both 0, then hdeg n (f ′′ ) < m.
Also, if p ′ and f ′ are not both 0, then
, and we can apply the induction hypothesis.
By induction, there exist polynomials q 1 and r such that f ′′ = pq 1 + r, and (either r = 0 or (ldeg n (r) ≥ d and hdeg n (r) < d + wdeg n (p))).
Set q = q 0 + q 1 . Then
Given a n-tuple of polynomials q = (q 1 , . . . , q n ), a n-tuple of polynomials
Observe that syzygies form a submodule of a free module of rank n over R [Λ] . An element of a submodule generated by
where q j is at the position i and −q i is at the position j, i, j = 1, . . . , n and i = j, is called a trivial syzygy of q.
) is a trivial syzygy ofq, then there exists a trivial syzygy f = (f i ) of q such that its reduction modulo d coincides with f ′ , i.e., a trivial syzygy can be always lifted to Z.
Proof. LetS ij be the reduction modulo d of S ij . We have f
Definition 2.7. We say that a n-tuple of polynomials (q 1 , . . . , q n ) satisfies the flatness condition if q i ∈ R[Λ i ] for each i = 1, . . . , n, and q i is a divisor with respect to x i . Lemma 2.8. If an n-tuple of polynomials r satisfies flatness property, then all syzygies of r are trivial.
Proof. First, consider the case where R is a domain (i.e., R = Z or Z/pZ with p prime). We use induction on n. If n = 1, then the trivial syzygy 0 is the only syzygy. Let f = (f 1 , . . . , f n ) be a syzygy of r = (r 1 , . . . , r n ) with n ≥ 2. By Lemma 2.4, we can divide f i = r n g i + h i with bound d = min{ldeg n (f i )}, where ldeg n (h i ) ≥ d and hdeg n (h i ) < d + wdeg n (r n ) for 1 ≤ i ≤ n.
)r n is nonzero, then by taking wdeg n of both sides, we obtain wdeg n (r n ) > wdeg n (
a contradiction. Thus, we have f n + n−1 i=1 g i r i = 0 and it remains to show that h = (h 1 , . . . , h n−1 , 0) is a trivial syzygy of r. Let e = d + wdeg n (r n ) − 1. Write
. By induction, all syzygies h j are trivial, so is h. Now we consider the case R = Z/mZ. We proceed by induction on the number of prime factors in m. If m is a prime, it follows from the previous case.
Write m = pl, l > 1, where p is a prime. Let f = (f i ) be a syzygy of r = (r i ) and letf = (f i ) be the corresponding syzygy ofr = (r i ) overR = Z/lZ for 1 ≤ i ≤ n. By induction, we have
By (*) we have f
) is a syzygy of r modulo p. By the previous case, f ′′ is a trivial syzygy modulo p. So f ′′ = i,j g ′ ij S ij + p h for some n-tuple of polynomials h and preimages g
Definition 2.9. We say that a n-tuple of polynomials (q 1 , . . . , q n ) satisfies a generalized flatness condition if there exists a matrix A ∈ GL n (R[Λ]) such that the n-tuple (r 1 , . . . , r n ) = (q 1 , . . . , q n )A satisfies the flatness condition. Lemma 2.10. Assume that a n-tuple of polynomials q = (q 1 , . . . , q n ) satisfies the generalized flatness condition. Then all syzygies of q are trivial.
Proof. Let A be a matrix such that r = qA satisfies the flatness condition. Let f = (f 1 , . . . , f n ) be a syzygy of q. Then (as a product of matrices)
Hence, g is a syzygy of r and f = A g. By Lemma 2.8 it suffices to prove that if g = S ij is a trivial syzygy of r, then A g is a trivial syzygy of q.
Let M ij , i = j denote a matrix where all entries are zeros except 1 at the position (i, j) and −1 at the position (j, i). 
The generators
Consider the weight lattice Λ of a semisimple root system corresponding to a group G. Let T * be a group of characters of a split maximal torus T of G. We assume that T * is of index 2 in Λ, i.e., Λ/T * = Z/2Z.
Consider the Z/2Z-grading on Λ given by: a weight λ ∈ Λ has degree |λ| which is its class in the quotient Λ/T * . We denote by Λ (0) = T * the subgroup of Λ of degree 0 and by Λ (1) = Λ \ T * the subset of degree 1.
There is an induced grading on the group ring
]. Hence, we can uniquely express any f ∈ R[Λ] as a sum of its homogeneous components, i.e., f = f (0) + f (1) . We say that f ∈ R[Λ] is homogeneous of degree 0 or, equivalently, deg(f ) = 0 (resp. f is of degree 1 or deg
Let {ω 1 , . . . , ω n } denote the set of fundamental weights (a Z-basis of Λ). Consider the orbit W (ω i ) of the fundamental weight ω i by means of the Weyl group W . We denote by |i| the degree of ω i with respect to the grading and by |W (ω i )| the number of elements in the orbit. Let
We set R = Z and we denote by bar the reduction modulo d, i.e.,R = Z/dZ. We define
Since the Weyl group acts trivially on Λ/T * , we have deg(ρ(ω i )) = |i|. Reducing modulo d we obtain deg(ρ i ) = deg(ρ(ω i )) = |i|.
We will need the following Lemma 3.1. Assume that (ρ 1 , . . . ,ρ n ) satisfies the generalized flatness condition with respect to some basis
Then there exist polynomials g 1 , . . . , g n ∈ R[Λ] such that i f i ρ i = i g i ρ i and g ) is a trivial syzygy of (ρ i ). By Lemma 2.6 there exist a trivial syzygy
After a possible reindexing, we may assume that the first n ′ fundamental weights {ω 1 , . . . , ω n ′ } have degree 1 and the remaining fundamental weights have degree 0. For 1 ≤ i ≤ n ′ we set
and consider the following subsets of elements in
Remark 3.3. The elements h 1,i will be extensively used (see (11) and (13)) in the computations of the group of semi-decomposable invariants.
Let I be the augmentation ideal of R [Λ] , that is I is the kernel of the map
W ∩ I. By the Chevalley theorem I W sc is generated by the elements
Our main result is the following Theorem 3.4. Assume that the n-tuple (ρ 1 , . . . , ρ n ) satisfies the generalized flatness condition with respect to some basis {x i } of the weight lattice Λ.
Then the elements h k,i of Definition 3.2 generate the ideal
Proof. Suppose that
To prove the theorem we modify (f 1 , . . . , f n ) in several steps. At each step, we subtract a linear combination of the elements h i,j (with coefficients in R[T * ]) from f 1 ρ 1 + . . . + f n ρ n so that the new polynomials f ′ 1 , . . . , f ′ n have less non-zero monomials. In the end they will all become 0, so that the original f 1 ρ 1 + . . . + f n ρ n will be replaced by a linear combination of h i,j .
Step 1. By definition we have for 1
. Collecting the coefficients we obtain
Hence, applying (*) for each i,
iρ (ω 1 )h 3,i . Collecting the coefficients we obtain
• f
Hence, applying (**) for each i, n ′ < i ≤ n we obtain new coefficients (f
Step 3. As a result of step 2, we have
Subtracting
we may assume that f i = 0 for all i > n ′ .
Step 4.
, where f (0) j = 0 for all i ≤ j ≤ n ′ by previous steps. Hence, we can express it as
Since deg(ρ(ω j )) = 1 for i ≤ j ≤ n ′ , we obtain
The right hand side of this equation is divisible by r i , hence,
i . By definition, we have
Consider the difference
Collecting the coefficients we obtain f ′ i = 0 while keeping f
Hence, applying (***) inductively starting with i = 1, we obtain that
The generalized flatness condition
In the present section we prove that the n-tuple of W -orbits (ρ 1 , . . . , ρ n ) in R[Λ] satisfies the generalized flatness condition when Λ is a weight lattice for a semi-simple root system of type A and C. Observe that it is enough to prove the generalized flatness condition for each simple component.
Type A. Let Λ = Z
n+1 with a standard basis e 1 , . . . , e n+1 . The weight lattice of type A is then given by Λ = Λ/(e 1 + . . . + e n+1 ). We denote the class of e i in Λ byē i . The basis of Λ is given by the fundamental weights ω i =ē 1 + . . . +ē i , i = 1, . . . , n. The Weyl group (the symmetric group S n+1 ) acts by permutations of {e 1 , . . . , e n+1 }.
Consider the induced map φ :
n . The image of the elementary symmetric function σ i = σ i (y 1 , . . . , y n+1 ) gives the W -orbit ρ(ω i ).
Let g i be (the complete sum symmetric function) the sum of all monomials of total degree i in variables y 1 , . . . , y n+2−i . We have the following analogue of the Newton relation (see [16, Relation (2) 
which implies that the ideal
where s i = σ i (1, . . . , 1) = |W (ω i )| andg i is the (non-homogeneous) polynomial in variables y 1 , . . . , y n+2−i of degree i such that its coefficient at
where ρ i = ρ(ω i ) − s i and r i = φ(g n+2−i ). We claim that r n+1 can be written as a linear combination of r 1 , . . . , r n . Indeed, taking the sum of relations (1) for all i we obtain
After applying τ we obtain 1 = n+1 i=0g i y 1 . . . y n+1−i . Since y 1 . . . y n+1 = 1, after taking its image in Z[Λ] we obtain the desired linear combination. 4.2. Type C. Consider the weight lattice Λ of type C. It is generated by the standard vectors {e 1 , . . . , e n } with fundamental weights ω i = e 1 + . . . + e i . The Weyl group W acts on the standard vectors by permutations and changing signs. Consider the embedding φ : Z[y 1 , . . . , y n ] ֒→ Z[Λ] given by φ(y i ) = e ei + e −ei . The image of the elementary symmetric function σ i = σ i (y 1 , . . . , y n ) gives the W -orbit ρ(ω i ).
As in type A let g i be the sum of all monomials of total degree i in variables y 1 , . . . , y n+1−i . Then (σ 1 , . . . , σ n ) = (g 1 , . . . , g n ) as ideals in Z[y 1 , . . . , y n ]. Applying the involution τ we obtain (ρ 1 , . . . , ρ n ) = (r 1 , . . . , r n ), where
) and s i = |W (ω i )|. The n-tuple (r 1 , . . . , r n ) satisfies flatness condition and there is an invertible transformation matrix between ρ i and r i .
Characters and invariants
In the present section we introduce some notation and recall basic definitions for the group of characters, characteristic classes and invariants which will be used in the subsequent sections. We follow [14] , [15] and [1] .
Characters. Let H and H
′ be simply connected simple split groups of the same Dynkin type D over a field F . Assume that there is a central diagonal sub-
We denote by T sc the split maximal torus of H × H ′ , by T the split maximal torus of G and by T ad the split maximal torus of the product of the adjoint forms
Then there is an exact sequence for the groups of characters 0 → T * /T * ad → T * sc /T * ad → Z/kZ → 0 which can be used to describe T * . Indeed, the quotient T * sc /T * ad is the group of characters of the center Z(G) and the map T * sc /T * ad → Z/kZ is induced by the diagonal embedding µ k → Z(G). Moreover, T * sc /T * ad is the product of groups of characters of the centers of H and H ′ , hence, 
where q and q ′ are generators given by normalized Killing forms. So any form φ ∈ S 2 (T * sc ) W can be written uniquely as
The list of Killing forms for all types can be found in [14, §4] .
Let {ω i } and {ω ′ i } denote the fundamental weights of H and H ′ , i.e., the Z-bases of Λ w and Λ ′ w . Choose a Z-basis {x i } of T * . Expressing each ω i and ω ′ i in terms of x j 's and substituting into φ allows to explicitly describe the subgroup (G/B) gives the Grothendieck γ-filtration on K 0 (G/B) (e.g., see [19] ).
5.4.
Invariants. Given λ ∈ T * denote by ρ(λ) = χ∈W (λ) e χ , where W (λ) is the W -orbit of λ. If restricted to invariants, the map c 2 defines a group homomorphism
with image generated by forms c 2 (ρ(λ)) = − 1 2
It was shown in [14] that the image c 2 (Z[T * ] W ) can be identified with the group of degree 3 decomposable invariants Dec(G) and the quotient Q(G)/ Dec(G) with the group of indecomposable invariants denoted by Inv 3 ind (G). By definition for any two semisimple groups G 1 , G 2 we have
sc ] generated by W -invariants from the augmentation ideal I sc , namely, I
The main result of [15] says that the image c 2 (
W coincides with the subgroup of semi-decomposable invariants Sdec(G) and that Dec(H) = Sdec(H) if H is a simple group. Observe that we have
We denote by Inv 3 sd (G) the quotient Sdec(G)/ Dec(G).
Type A
In the present section we consider semisimple groups of type A. The following lemma gives a simple geometric proof for the coincidence between the normalized invariants and semi-decomposable invariants (c.f. [1] ):
Proof. We follow arguments used in [1, §5] . Assume SL ni )/µ k with a diagonal subgroup µ k , i.e., Q(G) = Sdec(G). Indeed, using arguments in [1] one can compute the quotient
for an arbitrary semisimple group G of type A. For instance, observe that the same arguments in the proof work if we replace the diagonal subgroup µ ≃ µ 2 by a central subgroup
The following proposition deals with groups of p-primary index for any prime p, which in turn computes the p-primary component of Inv
and
where q (resp. q ′ ) is the normalized Killing form of SL m (resp. SL n ).
, where µ k is a diagonal subgroup. Then, by 5.1 the character group of the split maximal torus T of G is given by
Following 5.2 the group of W -invariant quadratic forms S 2 (T * sc ) W is generated by the normalized Killing forms
Consider the Z-basis {x 1 , . . . ,
given by
(for convenience, we set x j = x ′ j = 0 for any j > n − 1 or j > m − 1). In this basis a form φ ∈ S 2 (T * sc ) W can be written as
where ψ is a quadratic form with integer coefficients. Hence, we obtain
From now on we assume that k is p-primary. We claim that Dec(G) ⊆ kZq ⊕ kZq ′ . To show this we extend the arguments in [4, p.136] . We use the standard presentation of the root system of type A, namely, that Λ w (resp. Λ Choose a character χ ∈ T * . Assume χ has l (resp. l ′ ) distinct coordinates in some order repeat r 1 , .., r l (resp. s 1 , . ., s l ′ ) times with respect to the basis {e i } (resp. {e ′ j }). Then, for the orbit ρ(χ) of χ under the action of W we obtain
Observe that by (4) we have 
Therefore, again by [4, p.137, Lemma 11.4] we see that each coefficient of q and q ′ in (6) is divisible by k, which proves the claim.
Finally, we compute the group Dec(G) case by case. As
and similarly, c 2 (ρ(kω
and similarly, gcd(2, p)kq
. Thus if p = 2, then by (7) and (9) we obtain
Therefore, by (8) and the claim above, Dec(G) = kZq ⊕ kZq
, then by (7), (9) and the claim above, we have Dec(G) = kZq ⊕ kZq ′ .
If
, it follows from the claim above that Dec(G) = kZ(q − q ′ ) ⊕ kZ(q + q ′ ).
, then by (7) and (9) we have kq ∈ Dec(G). Since Dec(SL n /µ k ) = 2kq ′ , we get kq ′ , k(q ± q ′ ) ∈ Dec(G). Therefore, by the claim we obtain Dec(G) = kZq ⊕ 2kZq ′ . In order to compute the indecomposable groups for G = SL 2m /µ 2 , we set d ′ = 0, k = 2. Then it follows by Proposition 6.3 that Q(G) = {dq | md ≡ 0 mod 4} and
Hence, we obtain [2, Theorem 4.1], that is
Finally observe that together with Lemma 6.1, properties (2) and (3) it computes the group Inv
The following corollary generalizes [15, Example 3.1] to groups of type A (see also [1] ). Similarly, by using Lemma 6.1 and Proposition 6.3, one can compute both groups Inv Proof. Let G = (SL 2m × SL 2n )/µ 2 . Then, it follows from Proposition 6.3 that
Hence, the result follows by Lemma 6.1. Applying the same arguments for three and more groups completes the proof.
In the following we show that the both indecomposable group Inv Moreover, for any homocyclic p-group C there exists a semisimple group H of type A such that Inv Proof. Let p r (r ≥ 1) be a prime factor of k and let n = gcd(2, p)p r . We denote G[p r ] = (SL n × SL n )/µ p r , where µ p r is the diagonal subgroup. By Proposition 6.3 we have Inv
Then, the same argument as in [15, §3b] shows that Inv
ind (G) and the first statement follows from Lemma 6.1.
Let C = (Z/p r Z) ⊕m be a homocyclic p-group of rank m for some prime p. It suffices to consider the case m ≥ 2. Let H = (SL n ) m /µ p r , where n = gcd(2, p)p 2r and µ p r is the diagonal subgroup. Then, the arguments used in the proof of Proposition 6.3 yield
where q i is the corresponding normalized Killing form of SL n . Similarly, we have Dec(G) = m i=1 p r Zq i . Then the second statement follows by Remark 6.2.
Type B
In the present section we show that any semi-decomposable invariant of semisimple groups of type B is decomposable, except in the case of a product of groups of type B 2 = C 2 modulo the diagonal subgroup µ 2 . We first consider the index 2 case. i.e., each semi-decomposable invariant is decomposable unless m = n = 2.
Proof. Following 5.1 the character group of the split maximal torus T of G is given by
Following 5.2 the group S 2 (T * sc ) W is generated by the normalized Killing forms
Choose a Z-basis {ω 1 , . . . , ω m−1 , ω
1 ) + ψ for some quadratic form ψ with integer coefficients. Hence, we obtain
We claim that Dec(G) = 2Zq ⊕ 2Zq ′ . The result for the group of indecomposable invariants then follows immediately. Indeed, since q = We now compute the group Sdec(G). Assume that m = n = 2. Consider an element
sc , we see that c 2 (y) = c 2 (z). Since c 2 (ρ(ω 2 )) = q and c 2 (ρ(ω ′ 2 )) = q ′ , we conclude that q − q ′ ∈ Sdec(G). Therefore, Inv 3 sd (G) = Z/2Z. Assume that m, n ≥ 3. We will show that q −q ′ which is a generator of Inv
On the other hand, we have The previous proposition yields the following. Combining these results we obtain both indecomposable and semi-decomposable subgroups for an arbitrary semisimple group of type B.
where k is the number of n i 's such that n i = 2.
where k is the number of n i 's such that n i ≥ 3.
Proof.
(1) We set d ′ = 0 in (10). Then, we obtain Q(SO 2m+1 ) = 2Zq ( [14, §4b] ). It immediately follows from the proof of Proposition 7.1 that we also have Dec(SO 2m+1 ) = 2Zq.
(2) This follows by the same argument as in Proposition 7.1. 8. Type C In the present section we compute the groups of indecomposable and semidecomposable invariants for semisimple groups of type C. In particular, we show that for groups G = ( m i=1 SP 2ni )/µ 2 , where m ≥ 2, n i ≡ 0 mod 4 for all i = 1, . . . , m, and µ 2 is the diagonal subgroup, any indecomposable invariant is semidecomposable.
We consider the index 2 case, which generalizes the example [15, Example 3.1] (the case n = m = 1) to groups of type C.
In particular, if both n and m are not divisible by 4, then each indecomposable invariant is semi-decomposable.
Proof. Let {e 1 , · · · , e m , e 
The standard basis can be expressed in terms of this basis over Q as
The form φ has integer coefficients at
Consider the subgroup Dec(G) of decomposable invariants of G. As in the proof of [4, Lemma 14.2] , since the Weyl group of G contains normal subgroups (Z/2Z) m and (Z/2Z) n generated by sign switching, we conclude that the coefficient at each e i in the expansion of q χ is divisible by 2, hence, Dec(G) ⊆ 2Zq ⊕ 2Zq ′ . Since c 2 (ρ(2e 1 )) = 4q and c 2 (ρ(2e
Assume both n and m are odd.
Finally, assume n is odd and m is even. If m ≡ 0 mod 4, then
′ is even and
As for semi-decomposable invariants, consider an element (cf. with h 1,i of Definition 3.2)
By definition, we have y = e e1 z ∈ Z[T * ] ∩ I 
Observe that if 2 r | m and i is odd, then 2 r | 
We then have 14) . Since
we conclude that c 2 (y) is also a generator of Inv
We now present a generalization of the previous proposition, which in turn determine both indecomposable and semi-decomposable subgroups for an arbitrary semisimple group of type C.
where k is the number of n i 's which are divisible by 4, and Sdec(G) = Dec(G), i.e., each semi-decomposable invariant is decomposable.
(2) Let G = ( 
where k is the number of n i 's which are divisible by 4.
(1) Let G 1 = PGSp 2m and G 2 = PGSp 2n , m, n ≥ 1. It suffices to consider the case G = G 1 × G 2 since the same arguments can be easily adapted to prove the case of three and more groups. We simply set d ′ = 0 (resp. d = 0) in 12. Then, we have Q(G 1 ) = 4/ gcd(4, m)Zq (resp. Q(G 2 ) = 4/ gcd(4, n)Zq ′ ). Similarly, by the proof of Proposition 8.1 we get Dec(G 1 ) = 4/ gcd(2, m)Zq (resp. Dec(G 2 ) = 4/ gcd(2, n)Zq ′ ) ( [14, §4b] ). By (2) the answer for Inv 3 ind (G) then follows. As for semi-decomposable invariants, by (3) and Dec(G) = Q(G) for n ≡ 0 mod 4, it suffices to consider the case n ≡ m ≡ 0 mod 4. We follow arguments used in [15, §3c] .
sc be an arbitrary element. Write
Consider the ring homomorphism induced by the quotient map T *
It is given by
Combining these facts we obtain
for some s i , s
i , collecting the coefficients at t and t ′ , we get 
′ , for some r, s ∈ Z.
Therefore, Sdec(G 1 ) ⊆ 2Zq = Dec(G 1 ) and Sdec(G 2 ) ⊆ 2Zq ′ = Dec(G 2 ).
(2) This immediately follows from the same argument as in Proposition 8.1.
(3) As Dec(SP 2n ) = Sdec(SP 2n ) = Q(SP 2n ) for any n ≥ 1 ([4, Theorem 14.3]), the same argument as in (1) shows that Sdec(G) = Dec(G) and the result for the indecomposable subgroup.
9. Type D In this section we calculate the groups of indecomposable and semi-decomposable invariants for an arbitrary product of simply-connected simple groups of type D modulo the (diagonal) central subgroups. We first consider the groups of index 2 and 4.
Proposition 9.1. Let G = (Spin 2m × Spin 2n )/µ, where m, n ≥ 4 and m + n is even, and µ is a diagonal subgroup of G. Then
and Inv
Proof. Observe that there is a unique diagonal subgroup µ ≃ µ 4 in the case where m and n are odd and there are two different diagonal subgroups µ ≃ µ 2 : µ ⊆ µ 2 4 if both m and n are odd and µ ⊆ µ 4 2 otherwise. First, assume that µ ≃ µ 4 . Then, by 5.1 the character group of the split maximal torus T of G is given by (15) 
in terms of the standard basis vectors {e 1 , · · · , e m , e
Using (15) we choose the following basis {x 1 , . . . ,
Let ψ be a quadratic form on (17) with integer coefficients. As the group S 2 (T * sc ) W is generated by the normalized Killing forms
n + ψ, where ψ is a quadratic form on (17) with integer coefficients. Therefore,
We show that Dec(G) = 4Z(q − q ′ ) + 4Z(q + q ′ ). First, by (15) we see that all elements c 2 (ρ(2ω 1 )) = −8q, c 2 (ρ(2ω
On the other hand, since Dec(G) is generated by c 2 (ρ(λ)) for all λ ∈ T * and W contains normal subgroups (Z/2Z) m−1 and (Z/2Z) n−1 , we see that the coefficient at each e i in the expansion of c 2 (ρ(λ)) is divisible by 2, thus, Dec(G) ⊆ 4Zq ⊕ 4Zq ′ (note that by (18) 4q, 4q ′ ∈ Dec(G)). Hence,
Now we show that Sdec(G) = 2Z( otherwise. In both cases, the corresponding character group of T is given by
By applying the same argument in the above µ ≃ µ 4 case, we obtain
Since c 2 (ρ(ω 1 )) = −2q and c 2 (ρ(ω
We obtain the following generalization of the previous proposition. Together with Remark 9.3, they determine the groups of indecomposable and semi-decomposable invariants for an arbitrary product of simply-connected simple groups of type D modulo the central subgroups µ 2 .
where either all n i are even or odd, and µ is a diagonal subgroup. Then,
Proof. By the same argument as in Proposition 9.1, we obtain
where q 1 , . . . , q m are the corresponding normalized Killing forms of Spin 2ni . Similarly,
thus, the factor groups follow. Following Proposition 9.1, we see that
, which completes the proof.
, where G is the group from Corollary 9.2. Then, similar to the proof of Proposition 9.1 one can show that Inv In the present section we use the techniques developed in section 3 to give a direct proof of the main result of [15, Appendix] .
In this section, G = PGO 8 that is an adjoint group of Dynkin type D 4 . The weight lattice of type D 4 can be constructed as follows. We first take a Q-vector space with basis e 1 , . . . , e 4 . Then Λ has the following Z-basis consisting of fundamental weights: ω1 = e1, ω2 = e1 + e2, ω3 = (e1 + e2 + e3 − e4)/2, ω4 = (e1 + e2 + e3 + e4)/2.
So the coordinates of elements of Λ are either all integers or half-integers. the respective homogeneous components. Each polynomial f ∈ Z[Λ] can be split into a sum of its homogeneous components, which we will denote by f (i,j) . Denote the orbits in Z[Λ] by ρ(ω 1 ), . . . , ρ(ω 4 ) and the augmented orbits by ρ 1 , . . . , ρ 4 as in section 3. is also a Λ/T * -graded algebra, and this map preserves the grading. By definition, the sum of coefficients of f modulo 4 is the sum of coefficients off . So, it is sufficient to prove that for each element i ∈ Λ/T * except for i = (0, 1), the sum of coefficients off Therefore, for each j ∈ Λ/T * , j = (0, 1), all coefficients of (1 + e e1+e2 )f Observe that the classes of 0 and of ω 2 in Λ/Λ ′ are all elements of Λ/Λ ′ that belong to T * /Λ ′ . So, if λ ∈ Λ/Λ ′ , and f ∈ R[Λ/Λ ′ ], then the coefficient of (1 + e e1+e2 )f at e λ is the sum of coefficients of f in front of e λ ′ for all λ ′ ∈ Λ/Λ ′ such that λ = λ ′ mod T * (there are exactly two such λ ′ , one of them is λ, the other is λ + e 1 + e 2 ). If f is a homogeneous polynomial of degree j ∈ Λ/T * , and λ ∈ Λ/Λ ′ is mapped to j by the natural projection Λ/Λ ′ → Λ/T * , then the coefficient of (1 + e e1+e2 )f in front of e λ is the sum of all coefficients of f . Therefore, the sum of all coefficients off [15, §3d] , we obtain that c 2 (x) ∈ 4Zq = Dec(G).
Type E
We now treat the exceptional cases. In the following we show that any semidecomposable invariant is decomposable for semisimple groups of type E 6 and E 7 .
Lemma 11.1. Let G be a split semisimple group of type E 6 or E 7 . Then, Sdec(G) = Dec(G), i.e., each semi-decomposable invariant is decomposable.
Proof. We denote by E ad 6 (resp. E ad 7 ) a split simple adjoint group of type E 6 (resp. E 7 ) and by E sc 6 (resp. E sc 7 ) a split simple simply connected group of type E 6 (resp. E 7 ). We first consider the case where G is a semisimple group of type E 6 , i.e., G = (E for some d ij ∈ Z and δ ij ∈ I sc , where {ω 1j , . . . , ω 6j } is the fundamental weights of each copy of E We determine the indecomposable groups for the groups of index 2 (resp. 3) of type E 6 (resp. E 7 ). (1) shows
Hence, by Lemma 11.1 Inv
